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We study a Josephson junction in a Kitaev chain with particle-hole symmetric nearest neighbor
interactions. When the phase difference across the junction is pi, we show analytically that the full
spectrum is fourfold degenerate up to corrections that vanish exponentially in the system size. The
Majorana bound states at the ends of the chain are known to survive interactions. Our result proves
that the same is true for the zero-energy quasiparticle localized at the junction. We further study
finite size corrections numerically, and show how repulsive interactions lead to stronger end-to-end
correlations than in a noninteracting system with the same bulk gap.
In many superconducting systems, the fundamental
degrees of freedom are noninteracting Bogoliubov quasi-
particles. However, sometimes interactions cannot be ig-
nored. For instance, when a nanowire is placed on top
of a bulk superconductor, superconductivity is induced
in the wire via the proximity effect, but the supercon-
ductor does not necessarily screen the short range part
of Coulomb interactions intrinsic to the wire.1–5 Due to
the 1D nature of the wire, it may not be possible to
treat these interactions by the same mean field techniques
used to account for Cooper pairing in the bulk supercon-
ductor. In this case, the occupation numbers of single-
quasiparticle orbitals are not conserved, due to scattering
between quasiparticles, and we are dealing with a non-
trivial interacting many-body system.
For the past decade, systems consisting of a nanowire
with strong spin-orbit coupling on top of an s-wave super-
conductor have been studied intensively.6 For a suitable
choice of system parameters, the wire effectively becomes
a spinless 1D p-wave superconductor. The system hosts
a zero-energy quasiparticle orbital comprised of two spa-
tially separated Majorana bound states localized at the
ends of the wire.7–10 Because filling this orbital costs no
energy, each energy level of the many-body system is at
least twofold degenerate. The ground state degeneracy is
topologically protected11–14 and may allow for fault-free
processing of quantum information.
However, if the system is not in the ground state, i.e.
if it contains finite-energy quasiparticles, and scattering
between quasiparticles cannot be neglected, the occupa-
tion number of the zero-energy quasiparticle orbital can
change, thus destroying the information being processed.
This is referred to as quasiparticle poisoning.15,16 It is
important to ask whether electron-electron interactions
in the wire are a significant source of quasiparticle poi-
soning. Fendley17 analized a Kitaev chain,7 a minimal
model for a spinless p-wave wire, and constructed Majo-
rana end state operators for the interacting system at the
particle-hole symmetric point. The existence of these op-
erators implies that the full spectrum of the interacting
system is still twofold degenerate. Associated with the
degeneracy is a dressed zero-energy quasiparticle mode
whose occupation number remains conserved, also when
the system is not in the ground state manifold. Remark-
ably then, electron-electron interactions need not lead to
quasiparticle poisoning.
When the superconducting phase difference across a
Josephson junction in a noninteracting spinless p-wave
wire equals pi, there is a single Andreev bound state local-
ized around the junction.18 In this case, the bound state
orbital is not associated with spatially separated Majo-
rana operators. Nonetheless, it has zero energy and con-
stitutes an essential ingredient for the 4pi Josephson effect
that may serve to detect Majorana bound states.15,19,20
Its presence in the noninteracting system produces a fur-
ther twofold degeneracy, resulting in an overall fourfold
degeneracy of the spectrum. Here we ask whether this de-
generacy also survives particle-hole symmetric electron-
electron interactions. In other words, do interactions
cause quasiparticle poisoning of the 4pi Josephson effect
in a Kitaev chain? We analytically prove that fourfold
degeneracy survives, implying no quasiparticle poisoning,
until strong interactions induce a quantum phase transi-
tion.
There is however another way in which interactions
do degrade the 4pi-Josephson signal, namely by enhanc-
ing finite size effects. A perfect 4pi signal requires the
quasiparticle at the junction to have precisely zero en-
ergy and an infinite lifetime, a condition that is only met
in the limit of an infinite wire. In a finite system, there
are corrections that manifest as a lifting of the fourfold
degeneracy. These decay exponentially as a function of
the system size, but may still be non-negligible in re-
alistic systems.21,22 We investigate finite size effects nu-
merically. Not surprisingly, repulsive electron-electron
interactions reduce the bulk gap and enhance finite size
corrections. However, if we compare two wires with the
same gap, one with repulsive interactions and the other
without, we still find a significantly slower decay of fi-
nite size corrections in the interacting case. We conclude
that repulsive interactions frustrate superconductivity in
a way that cannot be accounted for by a noninteracting
model with a reduced gap.
The model we study is based on a Kitaev chain with
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2zero chemical potential, and describes a 1D lattice host-
ing spinless fermions with hopping W > 0 and super-
conducting pairing |∆| between nearest neighbor sites.7
We add short range electron-electron interactions2,4,5,23
of strength U and re-adjust the external potential to
maintain particle-hole symmetry in the presence of in-
teractions. We model a Josephson junction8,19 by setting
superconducting pairing to zero between a pair of neigh-
boring sites. For sites to the left of the junction, pairing
terms are of the form −∆(aa< + a>a + h.c.)/2, where
a is the fermion annihilation operator associated with a
given site while a< and a> are respectively associated
with its left and right neighbors. We take 0 < ∆ < W .
For a pi superconducting phase difference across the junc-
tion, pairing terms to the right of the junction are of the
form −∆(a<a + aa> + h.c.)/2. We introduce an index
α ∈ {1, 2} to distinguish sites on the left and right of the
junction, and an index j = 1, . . . , N to label sites by their
distance from the junction. With these conventions, the
Hamiltonian that we consider is
H = H0 +Hint, H0 =
2∑
α=1
Hα +HJ, (1)
where
Hα =− W
2
N−1∑
j=1
(
a†α,jaα,j+1 + a
†
α,j+1aα,j
)
− ∆
2
N−1∑
j=1
(
aα,jaα,j+1 + a
†
α,j+1a
†
α,j
)
(2)
describes the chain to the left (α = 1) and right (α = 2)
of the Josephson junction. The coupling between the two
sites comprising the junction is given by
HJ = −W
2
(
a†1,1a2,1 + a
†
2,1a1,1
)
. (3)
The interaction term reads
Hint =U
2∑
α=1
N−1∑
j=1
(
nα,j − 1
2
)(
nα,j+1 − 1
2
)
+ U
(
n1,1 − 1
2
)(
n2,1 − 1
2
)
, (4)
where nα,j = a
†
α,jaα,j . The following should be noted.
Our proof relies on particle-hole conjugation symmetry
together with properties of the system within a finite dis-
tance from the ends, N being assumed sufficiently larger
than this distance. Apart from symmetry constraints,
the proof therefore does not depend on the details near
the junction. For instance, it does not matter whether
the junction is atomically sharp, whether it sits exactly
in the middle of the chain, or how the junction affects the
values of W , U and ∆ in its vicinity. We adopt a minimal
model here purely in order that we may later numerically
calculate finite size corrections to our analytical results.
Important for our purposes is that H possesses a
particle-hole symmetry, i.e. PHP † = H where the uni-
tary operator P is defined as
P =γRe2,Nγ
Re
1,Nγ
Im
2,N−1γ
Im
1,N−1 × . . .
. . .×
{
γRe2,2γ
Re
1,2γ
Im
2,1γ
Im
1,1 if N is even,
γIm2,2γ
Im
1,2γ
Re
2,1γ
Re
1,1 if N is odd,
(5)
with
γReα,j = aα,j + a
†
α,j , γ
Im
α,j = i
(
aα,j − a†α,j
)
, (6)
so that
Paα,jP
† = (−)N+α−j−1a†α,j . (7)
Furthermore, we rely on the fact that while H does not
conserve fermions, it does conserve fermion parity Π =
exp ipi
∑
α,j a
†
α,jaα,j , with +1 = even and −1 = odd. We
note that P also preserves fermion parity.
Fourfold degeneracy will follow if an operator c1 exists
such that
Πc1Π
† = −c1, (8)
{c1, c†1} = 1, c21 = [H, c1] = 0, (9)
Pc1P
† = c†1. (10)
The first condition (8) implies that c1 flips the a-fermion
parity. The second set of conditions (9) implies that c1
can be viewed as a fermionic annihilation operator for
a zero-energy quasiparticle mode with occupation num-
ber c†1c1. The spectrum of H is thus twofold degener-
ate: for every eigenstate in which the zero-energy mode
is empty, there is an eigenstate with the same energy in
which the zero-energy mode is filled, and vice versa. The
two states have opposite fermion parity. Now consider
one such pair |E, 0,±〉 and |E, 1,∓〉 ≡ c†1 |E, 0,±〉. Here
the first quantum number E is energy, the second quan-
tum number (0 or 1) is the occupation number of the
zero-energy mode, and the third ± is the fermion par-
ity. The third condition (10) implies that there are two
more states orthogonal to the above two, that have the
same energy. The first is |E, 1,±〉 ≡ P |E, 0,±〉. Be-
cause the Hamiltonian has particle-hole symmetry, it is
an eigenstate of H with energy E. It has parity ± and
hence is orthogonal to |E, 1,∓〉. The occupation number
of the zero-energy mode is one because c†1c1P |E, 0,±〉 =
Pc1P
†Pc†1P
†P |E, 0,±〉 = Pc1c†1 |E, 0,±〉 = P |E, 0,±〉.
Thus it is orthogonal to |E, 0,±〉. The fourth state is
straightforwardly seen to be |E, 0,∓〉 = c1P |E, 0,±〉.
In the noninteracting system (U = 0) the operator c1
is built from Majorana end state operators that are zero-
energy Bogoliubov quasiparticles (linear combinations of
aα,j and a
†
α,j). Explicitly
γendα = Aend
bN2 c∑
n=0
(
−W −∆
W + ∆
)n
γReα,N−2n, (11)
3with α ∈ {1, 2}. Aend is a normalization constant that
ensures
(
γendα
)2
= 1. We see that the Majorana operators
are exponentially localized, with decay constant
ν = ln
√
W + ∆
W −∆ . (12)
It is straightforward to check that {γendα , γendα } = 2δα,β
and
[H0, γ
end
α ] = 0, (13)
up to finite size corrections that vanish like [(W −
∆)/(W + ∆)]N . We disregard these and similar correc-
tions that vanish exponentially as a function of system
size throughout our analytical work. In view of (13) we
can define a fermion annihilation operator
c1 = γ
end
1 + iγ
end
2 , (14)
that satisfies conditions (8) and (9). From the particle-
hole conjugation relation (7) for a-fermions then follows
that
Pγendα P
† = (−)α−1γendα , (15)
so that (10) is indeed satisfied. Thus we have rederived
the known result that the noninteracting system has four-
fold degeneracy, up to corrections that decay exponen-
tially as a function of system size.18 It was not necessary
for our proof to find the Andreev bound state localized
at the junction explicitly. It is however straightforward
to do so by solving the Bogoliubov de Gennes equation
associated with H0. One finds c2 = (γ
J
+ + iγ
J
−)/2 where
γJ± = AJ
N∑
n=1
e−ν(n−1)
(
sin
pin
2
± cosh ν cos pin
2
)
× 1√
2
(
γIm1,n ± γIm2,n
)
. (16)
The normalization constant AJ is chosen such that
(γJ±)
2 = 1 and ν is defined as in (12).
It is instructive to ask where the above proof breaks
down if there is a zero- rather than pi phase difference
across the junction. In that case, pairing on both sides
of the junction is of the form −∆(aa< + a>a + h.c.)/2.
In H0, the sign of the pairing term to the right of the
junction must then be reversed, i.e. ∆→ −∆ for α = 2.
This has the effect of replacing γRe2,N−2n with γ
Im
2,N−2n in
the expression (11) for γend2 . As a result, the particle hole
conjugation properties of this right end state operator
changes from (15) to Pγend2 P
† = γend2 . This brings about
the key modification. Now instead of (10), c1 becomes
invariant under particle-hole conjugation, i.e. Pc1P
† =
c1. As a consequence |E, 0,±〉 and P |E, 0,±〉 have the
same c†1c1 eigenvalue, and we can no longer conclude that
they are orthogonal.
Now we consider the interacting case H = H0 + Hint.
It is convenient define Wigner-Jordan spin operators
σxα,j = γ
Re
α,j
N∏
k=j+1
σzα,k, σ
y
α,j = γ
Im
α,j
N∏
k=j+1
σzα,k, (17)
σzα,j = 2a
†
αjaαj − 1. (18)
Operators with the same α-index obey angular mo-
mentum commutation relations, i.e. [σµα,j , σ
ν
α,k] =
2iδjkε
µνρσρα,k. In our construction, the commutation
relations between operators with different α are less
canonical. For µ ∈ {x, y , z} we still have [σµ1j , σz2k] =
[σz1j , σ
µ
2k] = 0. However for l, m ∈ {x, y}, we have
{σl1j , σm2k} = 0 instead of the more usual commuting oper-
ators. While it is obviously possible to alter the definition
of the spin operators in such a way that all commutators
are canonical, it turns out that the above construction is
more useful for our purposes.
Away from the junction (j > 1), the above Wigner Jor-
dan transformation maps the Kitaev chain onto two spin-
1/2 Heisenberg chains with nearest neighbor exchange
couplings
Jx = (W + ∆)/4, Jy = (W −∆)/4, Jz = U/4. (19)
From the known properties of the XYZ model,24 it can
then be inferred that either attractive or repulsive inter-
actions close the superconducting gap when |U | = W+∆.
For interactions stronger than this critical value, the sys-
tem is again in a gapped phase. We collectively refer
to the |U | > W + ∆ regimes as the intrinsically gapped
phase, because the gap is driven by interactions inside the
wire ∝ U rather than by extrinsic pairing ∝ ∆. We refer
to the |U | < W + ∆ regime as the extrinsically gapped
phase.
To prove fourfold degeneracy along the same lines as
in the noninteracting case, we need to consider the Majo-
rana end state operators of the interacting system. They
have in common with the noninteracting case that they
are Hermitian, decay into the bulk, commute with the
Hamiltonian up to terms that vanish exponentially in
system size, and square to unity. In order to translate
the explicit expressions that Fendley17 derived into our
notation, we define
Ψα,xyz = Axyz
N∑
b=1
(
JyJz
J2x
)b−1
σxα,N+1−b
×
b b−12 c∑
s=0
∑
(l1, ..., l2s)
s∏
t=1
Qxyz(α, l2t−1, l2t).
(20)
Here the sum
∑
(l1, ..., l2s)
is over all distinct sets of inte-
gers l1, . . . , l2s such that
N + 1− b < l1 < . . . < l2s < N + 1, (21)
4and
Qxyz(α, j, k) =
(
Jz
Jx
)j−k (
1− J
2
x
J2y
)
σyα,jσ
y
α,k
+
(
Jy
Jx
)j−k (
1− J
2
x
J2z
)
σzα,jσ
z
α,k. (22)
The normalization constant is
Axyz =
√(
1− J
2
y
J2x
)(
1− J
2
z
J2x
)
. (23)
In the extrinsically gapped phase (|U | < W+∆), the Ma-
jorana end state operators are γendα, ext = Ψα,xyz. In the
intrinsically gapped phase (|U | > W + ∆), the dominant
exchange term switches from x to z, with the result that
the end state operators are obtained from those of the
extrinsically gapped phase by exchanging the roles of x
and z, i.e. γendα, int = Ψα,zyx. A crucial difference between
the end state operators in the two phases is immediately
apparent: Each term in γendα, ext contains an unpaired σ
x
α,j
operator and therefore flips fermion number parity, while
the corresponding unpaired operator in the intrinsically
gapped phase is σzα,j , which preserve fermion number par-
ity. A related property is that while γend1, ext and γ
end
2, ext
anticommute, γend1, int and γ
end
2, int commute. The operators
also have different behavior under particle-hole conjuga-
tion. From the definitions of the spin operators follow
that Pσxα,jP
† = (−)α−1σxα,j , Pσyα,jP † = (−)ασyα,j , and
Pσzα,jP
† = −σzα,j . As a result
Pγendα, extP
† = (−)α−1γendα, ext, (24)
as in the noninteracting case, while on the other hand
Pγendα, intP
† = −γendα, int. (25)
In the extrinsically gapped phase we have all the in-
gredients required to derive fourfold degeneracy. Since
{γendα, ext, γendβ, ext} = 2δα,β , we can define a fermionic op-
erator c1,ext = γ
end
1,ext + iγ
end
2,ext in analogy to the nonin-
teracting case (14). The annihilation operator c1,ext is
no longer a simple linear combination of aα,j and a
†
α,j .
The interaction dresses the Bogoliubov quasiparticle with
particle-hole excitations. Nonetheless, c1,ext meets all
three conditions (8 - 10). Thus, in the extrinsically
gapped phase, the full spectrum is fourfold degenerate
up to corrections that vanish exponentially as a func-
tion of the length of the wire. Adiabatic continuity with
the noninteracting system implies that just as there is
a dressed zero-energy fermionic quasiparticle divided be-
tween the ends of the system whose occupation number
is conserved, there is one localized around the junction.
Here we also note that when the phase difference across
the junction is 0 rather than pi, the proof of fourfold de-
generacy breaks down in exactly the same way as in the
noninteracting case. In the expression for the right end
state operator, the unpaired γRe2,j operator is replaced by
a γIm2,j , with the result that the dressed c1,ext operator be-
comes invariant under particle-hole conjugation, rather
than transforming into its conjugate, as is required for
fourfold degeneracy.
In the intrinsically gapped phase, the above construc-
tion does not work: because γend1, int and γ
end
2, int com-
mute rather than anticommute, and furthermore preserve
fermion number parity, we can no longer construct a
fermionic operator in analogy to c1 of the noninteract-
ing case (14). It seems the best we can do is to diag-
onalize H, γend1, int and γ
end
2, int simultaneously. The eigen-
values λ1 and λ2 of the latter two operators are ±1. If
|E, λ1, λ2〉 is a simultaneous eigenstate with energy E,
then P |E, λ1, λ2〉 is a different simultaneous eigenstate,
that, due to (25), has γend1, int and γ
end
2, int eigenvalues −λ1
and −λ2. Thus we have only proved twofold degeneracy.
In the limit |U | W, ∆, the system becomes equivalent
to a spin-1/2 Ising chain, in which case the degeneracy
of the ground state as well as the most excited state is
indeed only twofold. Below we report a numerical calcu-
lation confirming that in the intrinsically gapped phase,
the degeneracy remains twofold as |U | is reduced toward
the critical point.
The finite size corrections that we have ignored
throughout the above analysis, cause lifting of degen-
eracies. While the corrections vanish exponentially in
system size, there may be practical considerations limit-
ing how long a real device can be made. For instance,
the longer the wire, the more likely it is to include (rare)
regions where the disorder potential is large enough to
destroy topological order. Indeed, in Ref. 22, it was esti-
mated that the maximum exponential suppression factor
achievable in an InAs wire realization is of order 10−2.
This estimate did not take interactions into account. It is
therefore worth asking how interactions affect finite size
corrections. To address this question, we have performed
DMRG calculations on a finite system. Our results are
accurate to at least seven significant digits. We have cal-
culated the ground state and first few excited state en-
ergies as a function of U , for a system with ∆/W = 0.2
and N = 41 sites on each side of the junction. (We
confined our attention to a few low-lying energy levels
because a separate and increasingly expensive numerical
calculation is required for each higher excited state.)
In Figure 1 we show the low-energy spectrum at a few
representative interaction strengths. For attractive inter-
actions U < 0, finite size corrections are small and the
predicted degeneracy of the infinite system’s spectrum is
clearly seen: above the critical point Uc,− = −(W+∆)/2
(extrinsically gapped phase) there is fourfold degener-
acy while below the critical point (intrinsically gapped
phase), some levels, such as the ground state, are only
twofold degenerate.
For repulsive interactions in the window
(0.3Uc,+, 1.5Uc+) on the other hand, where Uc+ = W+∆
is the repulsive critical point, degeneracy is obscured
by finite size effects. (See main panel of Figure 2.)
5Figure 1. Low-lying spectrum for a chain with 41 sites on each
side of the Josephson junction and pi-phase difference across
the junction, for several values of the interaction strength U .
We used ∆/W = 0.2 throughout. Where near-degeneracies
cannot be resolved with the naked eye, the degeneracy is
schematically indicated. In panels (a) and (d), the system
is in the intrinsically gapped phase, while in panels (b) and
(c) the system is in the extrinsically gapped phase. For attrac-
tive interactions [(a) and (b)], finite size errors are too small
to be resolved at the scale of the figure, and the degeneracy
structure of the infinite system is clearly seen – twofold at
worst in panel (a) and fourfold in panel (b). For the repulsive
interactions in panel (c), finite size errors are significant and
the degeneracy structure of the infinite system’s spectrum is
obscured.
Whereas on the attractive side, the gap closes linearly
in |U − Uc,−|, on the repulsive side the gap closes
quadratically in U −Uc,+.25 As a result, there is a larger
region around the repulsive critical point compared to
the attractive critical point where the bulk gap is small.
It is not surprising that degeneracy lifting in this region
should be more noticeable than in regions where the
bulk gap is larger. However, closer inspection of the
finite size corrections reveals a non-trivial interaction
effect, namely significantly slower decay than would be
the case in a noninteracting system with the same bulk
gap. To see this, we fixed U = Uc+/2 (the vertical line in
the main panel of Figure 2) and calculated the low-lying
excitation energies as a function of system size. As seen
in the inset of Figure 2, exponential decay ∼ (0.946)N is
observed. We then ask ‘What value of ∆ would produce
the same decay in a noninteracting system?’. From (12)
we get ∆ = 0.054W . We also confirmed this numerically
(not shown). In the infinite noninteracting system, this
would be the excitation energy between the ground
state E1 and the first state above the gap E5, but to
compare with our finite interacting system, we need to
take finite size corrections in the noninteracting system
into account as well. In a noninteracting system with
41 sites on each side of the junction and ∆ = 0.054W ,
the excitation energy from the ground state to the first
state above the gap is E5 − E1 = 0.082W . The same
excitation energy in the interacting system is 0.116W ,
✶ E5-E1noninteracting
0.4 0.6 0.8 1.0 1.2 1.4 1.6
0.00
0.05
0.10
0.15
0.20
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n-E 1
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0.002
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N
Figure 2. Finite size corrections in the case of repulsive inter-
actions. Main panel: Excitation energies En−E1, n = 1, . . . 8,
for a chain with 41 sites on each side of the Josephson junc-
tion and pi-phase difference across the junction, as a function
of U ∈ (0.3Uc+, 1.7Uc+). ∆/W = 0.2 throughout. (Some
of this data is also plotted in Figure 1). Lines are there to
guide the eye. The vertical line at U = 0.5Uc+ indicates the
point for which we performed a finite size scaling analysis of
En − E1, n = 2, . . . 4. The black star indicates the excita-
tion energy E5 − E1, i.e. from the ground state to the first
bulk excitation, in a noninteracting system with ∆ = 0.054W .
This is the value of ∆ that produces the same decay of finite
size corrections as is observed in the interacting system with
∆ = 0.2W and U = 0.5Uc+. Inset: Finite size scaling. The
excitation energies En − E1, n = 2, . . . 4, as a function of
N , for the U = 0.5Uc+ and ∆/W = 0.2. (The n = 2 and
n = 3 data lie on top of each other.) The solid curve is the
fit E2 − E1 = 0.134× (0.946)N .
which is significantly larger. The conclusion is that a
given rate of decay of finite size corrections corresponds
to a larger value of the bulk gap in the system with
repulsive interactions than in the noninteracting system.
Because finite size corrections decay faster for a larger
gap, this also means that for a given bulk gap, finite size
corrections decay more slowly in a chain with repulsive
interactions than in the noninteracting chain.
In conclusion, we have shown that the full spectrum
of a particle-hole symmetric interacting Kitaev chain is
fourfold degenerate when the system contains a Joseph-
son junction with a pi-phase difference, up to corrections
that vanish exponentially as a function of system size.
This proves that the occupation number of the dressed
Andreev bound state localized around the junction is a
constant of motion. Thus, in a sufficiently long chain,
intrinsic electron-electron interactions are not a source
6quasiparticle poisoning where the 4pi Josephson effect is
concerned. We have numerically studied finite size cor-
rections, and found that they decay more slowly in a
chain with repulsive interactions than in a noninteracting
chain with the same gap. This shows that repulsive inter-
actions frustrate superconductivity in a way that cannot
be accounted for by an effective noninteracting model.
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